ABSTRACT. Let g be a simple Lie algebra with a Weyl group W . Let Lw be a simple module with highest weight −wρ − ρ. By using a conjecture of Tanisaki, we show that there is a bijection between the right cells and associated varieties of highest weight modules with infinitesimal character ρ. When L(λ) is a simple integral highest weight module of sl(n, C) with the minimal Gelfand-Kirillov dimension n − 1, we will show that its associated variety is irreducible. In particular, its associated variety will be given in the information of λ. When L(λ) is a simple highest weight module of sl(n, C) in a given parabolic category O p with maximal Gelfand-Kirillov dimension, we will show that its associated variety is also irreducible.
INTRODUCTION
Let g be a complex simple Lie algebra with adjoint group G. We fix a triangular decomposition g = n ⊕ h ⊕ n − so that b = h + n is a Borel subalgebra and h is a Cartan subalgebra of g. Let B denote the Borel subgroup of G corresponding to b. Let Φ ⊆ h * be the set of roots and Φ + be the set of positive roots defining n. We have a simple system ∆ = {α i |1 ≤ i ≤ n} ⊂ Φ + . Let ρ be the half sum of roots in Φ + . We choose a subset I ⊂ {1, 2, ..., n}. Then ∆ I = {α i |i ∈ I} generates a subsystem Φ I ⊂ Φ. Let p I be the standard parabolic subalgebra corresponding to I with Levi decomposition p I = l I ⊕ u I . We will drop the subscript I if there is no confusion.
Let F (λ) be a finite-dimensional irreducible l-module with highest weight λ ∈ h * . It can also be viewed as a p-module with trivial u-action. The generalized Verma module M I (λ) is defined by M I (λ) := U (g) ⊗ U(p) F (λ).
The simple quotient of M I (λ) is denoted by L(λ). We use O p to denote the corresponding parabolic category.
We use L w to denote the simple highest weight g-module of highest weight −wρ − ρ with w being an element in the Weyl group W . Actually all of the simple highest weight modules of infinitesimal character ρ are like this form. Let O ⊆ g be a nilpotent G-orbit. The irreducible components of O ∩ n are called orbital varieties of O. They all take the form V(w) = B(n ∩ wn) for some w ∈ W . In Joseph [17] , his definition for the orbital variety means one irreducible component of O ∩ n. So our orbital variety is the closure of Joseph's orbital variety. From Borho-Brylinki [10] , we can define the associated variety V (L w ) of L w . We know it is a union of some orbital varieties V(y) from Joseph [17] . Tanisaki [31] showed that there exist examples with reducible associated vaieties in type B and C. For a long time, people conjectured that V (L w ) is irreducible for type A, see for example [10, 25] . But in 2014, Williamson [35] showed that there exist counter examples in type A. So the structure of [20] .
In this paper we will prove the following theorem. In this paper we will prove the following theorem.
For the question (Q2), from Vogan
Let g be a simple Lie algebra with a parabolic subalgebra p I = l I ⊕ u I for some set I. 
2. PROOF OF THE THEOREM 1.1
Then by Borho-Brylinski [9] and Joseph [18] , we know [11] . To prove our theorem, we recall a conjecture of Tanisaki [31] . 
Here Y w is the orbital variety corresponding to w in the bijection ϕ and Y w is a union of some orbital varieties 
A COROLLARY ABOUT PRIMITIVE IDEALS
Let I 0 be the set of primitive ideals of U (g) with trivial central character. From Duflo [12] , we know I 0 = {I w |w ∈ W }. Now we can prove the following conjecture of Tanisaki [31] .
Proof. From Joseph [16] and Vogan [33] , we know I w = I y if and only if w L ∼ y. Let Ch(U (g)/I w ) be the characteristic variety defined by Borho-Brylinski [10] . We have
. By our theorem, we have w 
ASSOCIATED VARIETIES OF MINIMAL HIGHEST WEIGHT MODULES OF sl(n, C)
Now we suppose g = sl(n, C). The Weyl group of g is S n . From Sagan [27] , we know there is a bijection between the symmetric group S n and the Young tableaux through the famous Robinson-Schensted algorithm. We use T (σ) to denote the corresponding Young tableau for any σ ∈ S n . From Bai-Xie [3] , we know that for any integral weight λ ∈ h * , there is a Young tableau corresponding to it through a similar method with the R-S algorithm. We recall this method from Bai-Xie [3] . For an integral weight λ ∈ h * , we write λ + ρ = (λ 1 , ..., λ n ). Proposition 4.1 (Bai-Xie [3] ). Let g = sl(n, C). For any integral weight λ ∈ h * , we suppose T (λ) has k columns for some integer k. Then
We associate to λ a Young tableau T (λ) as follows. Let T 0 be an empty Young tableau. Assume that we have constructed Young tableau
We have the following lemma.
Then the GKdimL(λ) takes the minimal value n − 1 if and only if
Proof. Suppose T (λ) has k columns for some integer k. We use c i to denote the number of entries in the i-th column of T (λ). Now GKdimL(λ) = n − 1 = Then the GKdimL(λ) = n − 1 if and only there exists an index 1 ≤ p ≤ n − 1 such that λ is (p, n − p)-dominant, and we can find a smallest index 1 ≤ i 1 ≤ p such that t i1 ≤ t p+1 and t p > t p+2 (when i 1 = p). [22] . A weight module M is called admissible if the dimension of its any weight subspace is uniformly bounded. Benkart-Britten-Kemire [7] found that theses modules have minimal Gelfand-Kirillov dimension and only exist when g is of type A or C. The admissible highest weight modules played an important role in Mathieu' work. When g = sp(2n, C), Britten-Kemire [8] classified the admissible highest weight modules and found that they can be realized as submodules of a tensor product. Sun [30] classified the minimal lowest (equivalently, highest) weight Harish-Chandra (g, K)-modules.
Remark 4.1. A module of a finite-dimensional simple Lie algebra g is called a weight module if it is a direct sum of its weight subspaces. The classification of weight modules had been completed by Mathieu

By comparing their work, we know that a module is an admissible highest weight module if and only if it is a highest weight Harish-Chandra (g, K)-module with minimal GelfandKirillov dimension.
In Mathieu's work [22] , λ + ρ = (t 1 , ..., t n ) is called ordered if all differences t i − t i+1 are positive integers. Mathieu found that a highest weight sl(n, C)-module is admissible if and only if λ + ρ is ordered after removing one term. Now we have the following corollary after comparing with Mathieu's result.
Then GKdimL(λ) = n − 1 if and only there exists an index 1 ≤ p ≤ n such that λ + ρ will be ordered after removing this p-th term. In other words, GKdimL(λ) = n − 1 if and only if L(λ) is admissible.
Proof of the theorem 1.2. Suppose L(λ) is an integral highest weight sl(n, C)-module with GKdimL(λ) = n − 1. Then from corollary 4.1, we know L(λ) is a Harish-Chandra module and V (L(λ)) is irreducible. So this λ is (p, q)-dominant for some p and q. We write the corresponding parabolic subalgebra by p = l⊕u. Let K be the maximal compact subgroup of G = SU (p, q). Then the Lie algebra of K is l.
From Bai-Xie [3] , we know V (L(λ)) is the closureŌ 1 of the first K C orbit in u. Since V (L(λ)) is irreducible, it must equal to some orbital variety V(w λ ) = B(n ∩ w λ n) by Tanisaki [31] . Since GKdimL(λ) = n − 1, the orbital variety V(w λ ) must come from the unique non-zero nilpotent orbit O min of minimal dimension. From Joseph [19] , we know all minimal orbital varieties will take the form Bα i with α i ∈ ∆. Here ∆ = {α i = e i − e i+1 |1 ≤ i ≤ n − 1} is the set of simple roots.
When GKdimL w = n − 1, L w will be a highest weight Harish-Chandra module. We know V (L w ) is just one orbital variety. From Joseph [19] , we have
Harish-Chandra modules L w with minimal Gelfand-Kirillov dimension.
When w = (n, ...,k, ..., 1, k), we denote λ = −wρ − ρ, then T (λ) and T (w) have the same shape by Bai-Xie [3] . It is obvious that GKdimL w = n − 1. When σ R ∼ w, from Steinberg [29] or Ariki [1] we have T (σ) = T (w). So GKdimL σ = n − 1.
Conversely, suppose GKdimL w = n − 1. We use T (w) to denote the Young tableau corresponding to w. T (λ) and T (w) have the same shape. Then from lemma 4.1, we know c 1 (T (w)) = n − 1 and c 2 (T (w)) = 1. We denote the entries in the first column of T (w) by (t 1 , ..., t n−1 ) from top to bottom and denote the unique entry in the second column by s. Then we have t 1 ≤ s. We put (t 1 , ..., t n−1 ) and s together, then we get an increasing sequence (t 1 , ..., t k−1 , s, t k , ..., t n−1 ) such that t k−1 ≤ s < t k for some 2 ≤ k ≤ n (when k = n, the increasing sequence is (t 1 , ..., t n−1 , s)). We say s is the k-th entry in this sequence. We let w ′ = (n, ...,k, ..., 1, k). Then we have T (w ′ ) = T (w) by Fresse-Melnikov [14] . So from Steinberg [29] or Ariki [1] , we have w
From the above arguments, when V (L(λ)) = V(w λ ) = Bα p , we must have w λ R ∼ w ′ = (n, ..., p + 1, ..., 1, p + 1).
Remark 4.2. Joseph [19] had showed that there is one unique minimal orbital variety V in types C n and G 2 . Suppose g is a simple Lie algebra of type 
PROOF OF THE THEOREM 1.3
We recall some properties of the Steinberg map. The details can be found in Steinberg [29] or Joseph [17] .
Let g = n ⊕ h ⊕ n − be a simple Lie algebra with a parabolic subalgebra p I = l I ⊕ u I for some set I. We use G to denote the adjoint group of g. Let N 
